Power corrections to the HTL effective Lagrangian of QED by Carignano, Stefano et al.
ar
X
iv
:1
71
2.
07
94
9v
1 
 [h
ep
-p
h]
  2
1 D
ec
 20
17
Power corrections to the HTL effective Lagrangian of QED
Stefano Carignano∗
INFN, Laboratori Nazionali del Gran Sasso,
Via G. Acitelli 22, I-67100 Assergi (AQ), Italy
Cristina Manuel†
Instituto de Ciencias del Espacio (ICE, CSIC)
C. Can Magrans s.n., 08193 Cerdanyola del Valle`s, Catalonia, Spain and
Institut d’Estudis Espacials de Catalunya (IEEC)
C. Gran Capita` 2-4, Ed. Nexus, 08034 Barcelona, Spain
Joan Soto‡
Departament de F´ısica Qua`ntica i Astrof´ısica and Institut de Cie`ncies del Cosmos,
Universitat de Barcelona, Mart´ı i Franque`s 1, 08028 Barcelona, Catalonia, Spain.
(Dated: November 7, 2018)
We present compact expressions for the power corrections to the hard thermal loop
(HTL) Lagrangian of QED in d space dimensions. These are corrections of order
(L/T )2, valid for momenta L≪ T , where T is the temperature. In the limit d→ 3
we achieve a consistent regularization of both infrared and ultraviolet divergences,
which respects the gauge symmetry of the theory. Dimensional regularization also
allows us to witness subtle cancellations of infrared divergences. We also discuss how
to generalise our results in the presence of a chemical potential, so as to obtain the
power corrections to the hard dense loop (HDL) Lagrangian.
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2I. INTRODUCTION
At high temperature T the physics of the so called soft scales, or scales or order eT ,
where e is the QED gauge coupling constant, is properly described by the hard thermal loop
(HTL) effective field theory (EFT) [1–3]. The HTL effective Lagrangian of QED reads [4–6]
L(1)HTL =
e2
2
∫
d3q
(2π)3
{
2nF (q)
q
(
Fρα
vαvβ
(v · ∂)2F
ρ
β
)
− 2(nF (q) + nB(q))
q
(
ψ¯
/v
(iv ·D) ψ
)}
, (1)
where vµ = qµ/|q| is a light-like vector, and nF (x) = (ex/T + 1)−1 and nB(x) = (ex/T − 1)−1
stand for the fermionic/bosonic thermal distribution functions, respectively.
Corrections to the HTL results for a number of physical observables have been discussed
since long, mostly for the static case in the imaginary time formalism (see [7] and references
therein). However, little is known on the structure of higher order corrections to the HTL
Lagrangian itself. This is exceptional in the EFT realm, since for most of them one can
write down the corresponding terms of the Lagrangian at any desired order in the expansion
parameter (see for instance [8, 9]). Each term consists of an operator and a matching coef-
ficient. The set of operators that enter at a given order is fixed by dimensional analysis and
the symmetries of the fundamental theory. Fixing the matching coefficient requires either a
calculation in the fundamental theory or a comparison with experiment. In contradistinc-
tion, for the HTL Lagrangian, it is not even known the kind of terms that would appear at
next-to-leading order (NLO). The problem is related to the fact that the HTL Lagrangian
at leading order (LO) is non-local, and it is not apparent which kind of non-localities will
be generated at higher orders. In this paper, we shed light on this issue. We focus on the
power corrections to the HTL Lagrangian, namely corrections of the type L/T , where L
is a momentum scale such that L ≪ T . We consider only contributions generated in one-
loop diagrams, which have been also called one-loop hard corrections in Ref. [10]. These
are expected to be the leading corrections when the momentum of the soft modes L lies
between eT and T , but as we will discuss, they turn out to be of the same relevance as other
perturbative corrections [10].
In Ref. [11] the leading power correction to the HTL photon polarisation tensor was
computed using the on-shell effective field theory (OSEFT) [12]. We show here that it is
possible to write in a simple compact form a term in the effective Lagrangian that reproduces
3it. The expression in d spatial dimensions reads
L(3)γHTL =
e2ν3−d
4
∫
ddq
(2π)d
1− 2nF (q)
q3
{
Fρα
vαvβ
(v · ∂)4∂
4F ρβ
}
, (2)
where ν is the renormalization scale, and now vµ is a light-like vector in d+ 1 dimensions.
We also calculate here the leading power correction to the fermionic sector in the HTL
Lagrangian, which can be expressed as
L(3)ψHTL =
e2ν3−d
4
(d− 1)
[∫
ddq
(2π)d
nF (q) + nB(q)
q3
{
ψ¯ D2
/v
(iv ·D)3D
2 ψ
}
+
∫
ddq
(2π)d
1 + 2nB(q)
2q3
{
ψ¯
(
D2i /D
1
(iv ·D)2 +
1
(iv ·D)2 i /DD
2
)
ψ
}]
+O(e3) . (3)
In the remaining part of the Letter we briefly explain how to obtain the terms in the
effective Lagrangian displayed above. We will also comment on how our results can be
generalized in the presence of a chemical potential µ. We use natural units ~ = c = kB = 1,
metric conventions gµν = (1,−1,−1,−1) and use capital letters to denote 4-momenta, so
P µ = (p0,p) and p = |p|, so that P 2 = p20 − p2.
II. POWER CORRECTIONS TO THE HTL PHOTON SELF-ENERGY
In QED the retarded photon polarization tensor in the Keldysh representation of the real
time formalism (RTF) reads [13]
ΠµνR (L) = −
ie2
2
∫
d4q
(2π)4
(
Tr[γµSS(K)γ
νSR(Q)] + Tr[γ
µSA(K)γ
νSS(Q)]
)
, (4)
where K = Q− L, and the fermion retarded/advanced and symmetric propagators are
SR/A(Q) =
/Q
Q2 ± isgn(q0)η , SS(Q) = −2πi/Q (1− 2nF (|q0|))δ(Q
2) , (5)
respectively, with η → 0+.
If one makes the change of variables Q→ −K in the first term of Eq. (4) and carries out
the q0 integral, then one gets
ΠµνR (L) = e
2
∫
d3q
(2π)3
1− 2nF (q)
q
(
2qvµvν − (vµLν + vνLµ) + gµν v · L
v · L− L2
2q
+ i sgn(q − l0)η
− 2qv˜
µv˜ν − (v˜µLν + v˜νLµ) + gµν v˜ · L
v˜ · L+ L2
2q
+ i sgn(q + l0)η
)
, (6)
4where vµ = (1,q/q) and v˜µ = (1,−q/q). The first and second terms in Eq. (6) correspond to
the particle and antiparticle contributions, respectively. As we are assuming a thermal bath
where parity is conserved, one can carry out the change of variables v˜µ → vµ in the piece
that describes the antiparticle contribution. We consider the situation where the external
momentum is soft, L ≪ Q, so that the integrand of Eq. (6) can be expanded in L2/2q2.
The expansion contains both UV and IR divergent terms, and a regularisation must be
introduced. We use dimensional regularisation (DR) to treat the divergences of both the
vacuum and thermal part of the integrals. More specifically,
Πµν(1)(L) = 2e
2ν3−d
∫
ddq
(2π)d
1− 2nF (q)
q
(
vµvνL2
(v · L)2 −
vµLν + vνLµ
v · L + g
µν
)
, (7)
Πµν(3)(L) = 2e
2ν3−d
∫
ddq
(2π)d
1− 2nF (q)
q3
L4
4(v · L)2
(
vµvνL2
(v · L)2 −
vµLν + vνLµ
v · L + g
µν
)
, (8)
where retarded boundary conditions are taken into account with the prescription l0 → l0+
i0+. After functional differentiation, it is now easy to check that the polarization tensor
(8) is obtained from the effective Lagrangian Eq. (2). We also note that higher-order power
corrections can easily be inferred by further expanding Eq. (6). It is not difficult to realize
that higher-order corrections are extracted by multiplying the integrand of Eq.(7) by(
L4
4q2(v · L)2
)n
, n = 1, 2, 3, . . . (9)
providing the form of the corresponding higher-order terms in the effective Lagrangian.
Eq. (7) is finite when d → 3 and corresponds to the HTL polarisation tensor. The
longitudinal and transverse components of the HTL photon self-energy read
ΠL(1) = −
m2D
2
(
1− l0
2l
ln
l0 + l
l0 − l
)
, (10)
ΠT(1) = −
m2D
2
[
1 +
L2
l2
(
1− l0
2l
ln
l0 + l
l0 − l
)]
, (11)
respectively, where m2D = e
2T 2/3 is the Debye mass.
When d → 3, Eq. (8) is UV divergent only, as the IR divergence of the vacuum part
is exactly cancelled by the IR divergence of the thermal contribution to the integral. It
is important to use the same IR regulator for the vacuum and thermal parts to effectively
achieve this cancellation. A proper evaluation of the DR regulated expressions (see Appendix
A) shows that Eq. (8) reproduces exactly the power correction computed with the OSEFT
in Ref. [11], namely for d = 3 + 2ǫ one gets
5ΠL(3) =
α
3π
[
l2
ǫ
+ 2l2
(
ln
√
πTe−γE/2
2ν
− 1
)
+
(
2l2 − L2)(1− l0
2l
ln
l0 + l
l0 − l
)]
, (12)
ΠT(3) =
2αL2
3π
[
1
2ǫ
+
(
ln
√
πTe−γE/2
2ν
− 1
)
+
1
4
+
(
1 +
L2
4l2
)(
1− l0
2l
ln
l0 + l
l0 − l
)]
, (13)
where α is the electromagnetic fine structure constant. The divergent pieces above are
eliminated with the QED counterterm that takes into account the photon wavefunction
renormalization 1.
Although so far we have focused our analysis on systems at very high T , our results are
easy to generalize in the presence of a chemical potential µ. This requires taking into account
that fermion and anti-fermion degrees of freedom have different distribution functions in the
Keldysh symmetric propagators [15]. For the photon self-energy, all our results remain valid
after simply replacing
nF (q)→ 1
2
[
nF (q − µ) + nF (q + µ)
]
(14)
in Eqs. (2), (7) and (8). After performing the radial integrals (see Appendix A for ex-
plicit expressions at finite T and µ), we can write general expressions for any value of µ.
In particular, the result for vanishing temperature and nonzero chemical potential can be
straightforwardly obtained from Eq. (13) by the replacement
ln
√
πe−γ
E/2T
2ν
→ ln e
γE/2µ√
πν
. (15)
Thus, with this replacement, we also obtain the power corrections to the hard dense loops
(HDL) [16].
III. POWER CORRECTIONS TO THE HTL FERMION SELF-ENERGY
The retarded fermion self-energy in the Keldysh representation of the RTF reads
ΣR(L) =
ie2
2
∫
d4q
(2π)4
(
γµSS(Q)γνD
µν
A (K) + γµSR(Q)γνD
µν
S (K)
)
, (16)
1 Our results differ from those displayed in the Appendix of Ref.[14]. There the vacuum part was regulated
with DR, while to compute the thermal part a different regulator was introduced. That regulator treats
the radial part of the divergent integrals as in DR, but the angular integrals are computed in d = 3
dimensions. Our explicit computations show that when this is done, the Ward identity is violated [11].
6with K = Q− L. In a covariant gauge the photon propagator is given by
Dµνi (Q) = −
(
gµν + ξ
QµQν
Q2
)
∆i(Q) , i = R,A, S (17)
where ξ encodes the gauge-fixing parameter dependence and
∆R/A(Q) =
1
Q2 ± isgn(q0)η , ∆S(Q) = −2πi (1 + 2nB(|q0|))δ(Q
2) , (18)
are the retarded/advanced and symmetric bosonic propagators, respectively. Let us focus
first on the pieces that do not depend on ξ, and postpone the discussion of the others to the
next Subsection.
To proceed with the evaluation of the fermion self-energy we carry out similar manip-
ulations as those we performed in the previous Section, which require parity to be a good
symmetry of the system. We then expand the integrands of Eq. (16), assuming L≪ Q, and
arrive at
Σξ=0(1) = −
e2ν3−d
2
(1− d)
∫
ddq
(2π)d
nF (q) + nB(q)
q
/v
v · L , (19)
Σξ=0(3) = −
e2ν3−d
2
(1− d)
∫
ddq
(2π)d
(
nF (q) + nB(q)
2q3
L4 /v
(v · L)3 −
1 + 2nB(q)
2q3
L2/L
(v · L)2
)
.(20)
Eq. (19) describes the HTL fermion self-energy, while Eq. (20) describes its first power
correction. Now it is easy to see that from the effective Lagrangian (3) one can obtain
the HTL power correction (20). Note that we wrote Eq. (3) in a way that is manifestly
gauge invariant and Hermitian, replacing derivatives by covariant derivatives. We chose a
particular ordering of the differential operators in the Lagrangian. Any alternative ordering
agrees with ours up to terms suppressed by factors of e, but this can only be fixed by
computing higher-point Green functions.
While Eq. (19) is finite when d→ 3, and can be easily evaluated, Eq. (20) contains both
UV and IR divergencies. Only IR divergencies appear in the first term of Eq. (20) if one
evaluates separately the fermionic and the bosonic contributions, but the divergencies cancel
in the sum (see Eqs. (A2) and (A3)), so that in the limit ǫ→ 0 the integral associated with
the first term remains finite. Since DR sets all dimensionless integrals to zero, the singularity
appearing in the second term of Eq. (20) actually corresponds to an UV divergence, that
may be absorbed by the fermion wave-function renormalization. Note also that the linear
IR divergences induced by the bosonic distribution function are set to zero in DR. More
explicitly, we arrive at
7Σξ=0(1) = m
2
f
[
γ0
2l
ln
l0 + l
l0 − l +
γ · l
l2
(
1− l0
2l
ln
l0 + l
l0 − l
)]
, (21)
Σξ=0(3) =
α
4π
/L
[
1
ǫ
− γE + 1 + ln
(
π
T 2
ν2
)
− l
0
l
ln
l0 + l
l0 − l
]
, (22)
where m2f = e
2T 2/8 is the electron thermal mass.
As in the case for the photon self-energy, in the presence of a chemical potential the
same Eqs. (3), (19) and (20) remain valid if we replace the fermionic distribution function
as prescribed in Eq. (14).
A. Gauge-fixing dependent pieces in the fermion self-energy
These contributions come from the ξ-dependent pieces in the photon propagator in
Eq. (16). Here a regularization of the δ(Q2)/Q2 term which arises in the photon propagator
must be given. We follow the prescription in [17], substituting δ(Q2)/Q2 → −d/dq20δ(Q2).
After integrating by parts, performing the same sort of operations that we did in the pre-
vious cases, and expanding for L ≪ Q, we find that the first non-vanishing contribution
is
Σξ(3) = ξ
e2ν3−d
4
L2
∫
ddq
(2π)d
{
1 + 2nB
2q3
γ0
(v · L) +
[
1
q2
dnB
dq
−
(
1 + 2nB
2q3
)]
/v
(v · L)
−
[
3− 4nF + 2nB
2q3
]
/L
(v · L)2 −
1 + 2nB
2q3
l0/v
(v · L)2 +
1− nF + nB
q3
L2/v
(v · L)3
}
. (23)
After carrying out radial and angular integrals in DR , we arrive at
Σξ(3) =
αξ
4π
[
/L
(
1
ǫ
+ 1 + ln
(
π
T 2e−γE
ν2
)
− l
0
l
ln
l0 + l
l0 − l
)
− L2γ · l
l2
(
1− l
0
2l
ln
l0 + l
l0 − l
)]
. (24)
Once again, the 1/ǫ pole above is of UV nature and can be absorbed by a wave function
renormalization. Moreover, we can see that the first piece in Eq. (24) is remarkably similar
to the ξ = 0 contribution to the fermion self-energy, Eq. (22), so the two cancel out if
ξ = −1. Our results are thus consistent with the known fact that in the Feynman gauge,
ξ = −1, there is no fermion wave function renormalization.
Formally, the non-local pieces in Eq.(24) can be removed by carrying out the following
field redefinitions in the Dirac Lagrangian
8δψ =
αξ
8π
∫
dΩ
4π
(
2D0
1
v ·D + /D
γ.v
v ·D
)
ψ , (25)
where dΩ is the solid angle in d = 3 . However, when plugged into the HTL Lagrangian, this
induces new O (e4) contributions that should cancel out against ξ-dependent terms arising
from the two-loop hard correction to the HTL effective action, which are of the same order
[10]. In fact, similar field redefinitions allow to trade the gauge-independent piece of the
fermion self-energy Eq. (22) for O(e4) terms, since it is also proportional to /L. Actually,
this also happens for the photon contributions to the power corrected Lagrangians, as we
show in Appendix B.
IV. DISCUSSION
We have provided compact expressions for the power corrections to the HTL Lagrangians
in QED. These are expected to be part of the leading corrections for momenta above the soft
scale, and such that eT < L ≪ T , although we have seen that they are of the same order
as those arising from perturbative corrections. While we were mainly interested in the high
temperature limit of QED, we have also explained how to obtain this type of corrections in
the presence of a chemical potential, and thus we can also get the power corrections for the
HDL effective Lagrangian.
We have used DR in order to regulate both UV and IR divergences [18]. In fact, we
presented our results for the power corrections to the HTL Lagrangian in arbitrary space
dimensions d. Since DR sets power-like divergences to zero, our results turn out to be IR
finite both for the photon and fermion sectors, while the UV divergences we find can be
removed by the standard counterterms in QED. DR also guaranties that gauge invariance
is kept in the regulated theory, and thus differs from similar approaches carried out in the
literature, where a cutoff, which breaks the gauge symmetry, is introduced to deal with the
IR divergencies [19, 20].
It would be interesting to compute the two-loop hard corrections to the photon and
fermion self-energies, as these would allow us to obtain the remaining NLO terms to the
HTL Lagrangian. While those computations might be hard, we expect that the effective
field theory methods developed in Ref.[11] could pave the way. They should be carried out
using DR in order to be matched consistently with the power corrections presented here,
9particularly in order to check the cancellation of the gauge parameter dependence, which
was reshuffled into these contributions by the field redefinitions in (25).
In order to extract corrections to many physical properties of electromagnetic plasmas,
such as damping rates and transport coefficients, we not only need the NLO terms in the
HTL Lagrangian (the power corrections calculated here plus the two-loop hard corrections
mentioned above), but also loop calculations with the LO HTL Lagrangian, which should
also be carried out in DR for consistency. In some cases, due to Bose enhancement, they give
the leading correction, for instance, to the thermal fermion mass and damping rate [10, 21].
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Appendix A: Dimensional regularisation: some useful formulas
The momentum integral in arbitrary d spatial dimensions is given by [22]
∫
ddq
(2π)d
=
∫ ∞
0
dq qd−1
∫
dΩd
(2π)d
→ 4
(4π)
d+1
2 Γ(d−1
2
)
∫ ∞
0
dq qd−1
∫ 1
−1
d cos θ sind−3 θ , (A1)
where θ parametrises an angle with respect to an external vector, and Γ(z) stand for the
Gamma function.
Most of the integrals appearing in this manuscript are carried out in d = 3+2ǫ dimensions.
We collect here the relevant formulas needed to compute the first power corrections to the
HTLs.
10
The relevant radial integrals are
ν−2ǫ
∫ ∞
0
dqq−1+2ǫ nB(q) =
( ν
T
)−2ǫ
Γ(2ǫ)Li2ǫ(1) = − 1
4ǫ
− 1
2
ln
(
2πTe−γE
ν
)
+O(ǫ) , (A2)
ν−2ǫ
∫ ∞
0
dqq−1+2ǫ nF (q) =
( ν
T
)−2ǫ
(1− 21−2ǫ)Γ(2ǫ)ζ(2ǫ) = 1
4ǫ
+
1
2
ln
(
πTe−γE
2ν
)
+O(ǫ) ,
(A3)
ν−2ǫ
∫ ∞
0
dqq2ǫ
dnB
dq
=
1
2
+O(ǫ) , (A4)
where ν is the renormalisation scale, γE is the Euler’s constant, ζ(z) stands for the Riemann
zeta function, and Lin is the Euler polylogarithmic function of order n.
At nonvanishing chemical potential, the necessary radial integral to be evaluated instead
of Eq. (A3) is
ν−2ǫ
2
∫ ∞
0
dqq−1+2ǫ
[
nF (q − µ) + nF (q + µ)
]
=
1
4ǫ
+
1
2
ln
(
πT
2ν
)
− 1
4
Ψ(T, µ) +O(ǫ) , (A5)
where we defined
Ψ(T, µ) ≡ ψ(0)(1− i µ
2πT
) + ψ(0)(1 + i
µ
2πT
)− 2ψ(0)(1− i µ
πT
)− 2ψ(0)(1 + i µ
πT
) (A6)
and ψ(0)(z) is the logarithmic derivative of the Gamma function. We can consider two
different limits of this expression: at low temperatures T ≪ µ
Ψ(T, µ)→ −2 ln
(
2µ
πT
)
+
π2
3
T 2
µ2
+O
(
T 4
µ4
)
, (A7)
so that when plugged into Eq. (A5), the diverging logarithmic dependence on the T disap-
pears, as it should be the case. For high temperature and low chemical potential instead
one finds
Ψ(T, µ)→ 2γE − 7ζ(3)
2π2
µ2
T 2
+O
(
µ4
T 4
)
. (A8)
The only nontrivial angular integral we need to compute explicitly is
I1 ≡
∫ 1
−1
d cos θ
(
sin2 θ
)ǫ 1
(v · L) =
∫ 1
−1
d cos θ
(
1− cos2 θ)ǫ 1
l0 − l cos θ
=
1
l
{
ln
l0 + l
l0 − l + ǫ
[
ln(4) ln
l0 + l
l0 − l + Li2
(
− 2l
l0 − l
)
− Li2
(
2l
l0 + l
)]}
+O(ǫ2) , (A9)
which obviously reduces to the standard result in d = 3 [22] when ǫ→ 0.
All other higher order In =
∫
1
(v·L)n
can be straightforwardly obtained by differentiating
I1 with respect to l
0, while for terms containing vi at the numerator we can write∫
dΩd
(2π)d
vi
(v · L)n =
4
(4π)2+ǫΓ(1 + ǫ)
li
l2
(
l0In − In−1
)
. (A10)
11
Appendix B: Field redefinitions in the photon sector
Exactly as it occurs for the fermionic Lagrangian, the power-corrected contributions to
the HTL Lagrangian for the photon sector can be removed by field redefinitions. Let us
define the gauge field transformations
δA0 = C0
∫
dΩ
4π
1
2
F0ν(v
ν − v˜µ)
v · ∂ , δAi = CT
∫
dΩ
4π
1
2
Fiν(v
ν − v˜ν)
v · ∂ , (B1)
where C0 and CT may contain derivative operators local in time and do not depend on v and
v˜. The transformations above induce the following contribution to the transverse self-energy
δΠT(1)(L) = CT L
2
∫
dΩ
4π
(v − v˜) · L
2(v · L) = CT L
2
(
1− l0
2l
ln
l0 + l
l0 − l
)
. (B2)
Then by taking
CT = −2α
3π
(
1 +
L2
4l2
)
, (B3)
we can remove the last term in (13). Note that the operator CT is non-local in space but
local in time ( L2 → ∂2, and l2 → −∂2 after a Fourier transformation). Note also that the
first term in (13) can also be removed by a constant shift in the Ai field.
The contributions to the longitudinal self-energy in (12) can also be traded for O (e4)
contributions. The redefinition (B1) induces the following contribution,
δΠL(1)(L) = C0 l
2
∫
dΩ
4π
1
2
(v − v˜) · L
v · L = C0 l
2
(
1− l0
2l
ln
l0 + l
l0 − l
)
. (B4)
Then by taking
C0 = − α
3π
(
2− L
2
l2
)
, (B5)
we can remove (12). Note again that the operator C0 is non-local in space but local in time.
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